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Ø  We consider motion of particles either through a linear structure or in a 
circular ring 
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Ø  The sign of the slip factor determines the stable region on the RF curve. 

 

)(tV

tNominal Energy 

Particles with 
lower E arrive 

later and see 
greater V. 

η<0 (linacs and below transition) 

)(tV

tNominal Energy 

Particles with 
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earlier and see 
greater V. 

“bunch” 
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η>0 (above transition) 



Ø  Consider a particle circulating around a ring, which passes through a 
resonant accelerating structure each turn 

Ø  The energy gain that a particle of the nominal energy experiences each 
turn is given by  

    where this phase will be the same for a particle on each turn 
Ø  A particle with a different energy will have a different phase, which will 

evolve each turn as 
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E V =V0 sin ωRFt +ω0( );   ωRF = 2π h
τ

Period of nominal 
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Harmonic number (number 
of RF cycles per period) 

snn eVEE φsin01 +=+

Synchronous phase 

φn+1 = φn +Δφ
Phase difference from 
one turn to the next 



Ø  The phase difference can be expressed as  
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Ø  Thus the change in energy for this particle for this particle will evolve as 

 
Ø  So we can write 
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Ø  Rewrite this equation as: 
 

Ø  For small oscillations,  

Ø  And we have  

Ø  This is the equation of a harmonic oscillator with 
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Ø  We want to write things in terms of time and energy.  We have can write 
the longitudinal equations of motion as 

 
Ø  Following our procedure for longitudinal motion, we want to write this in 

form: 

Ø  Taking the derivative wrt n and substituting for ΔE gives us 
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Ø  So we can write 

Ø  Wait! We’ve seen this before.  This looks just like our equation for  
longitudinal motion, but with α=0, so we immediately write 

Ø  Where 
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Ø  We can define an invariant of the motion as 

Ø  What about the behavior of Δt and ΔE separately? 

Ø  Note that for linacs or well-below transition 
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Ø  We have solved for the synchrotron tune in the limit of small oscillations, 
but in general we will not restrict ourselves to small oscillations. 

Ø  Recall our exact equations of motion: 

Ø  Multiply both sides by     and integrate over dn  
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Ø  After a lot of messy (and not very intuitive) math, this becomes… 

 
 

 

Ø  The curve will cross the φ axis when ΔE=0, 
which happens at two points defined by 

 
 

Ø  Phase trajectories are possible up to a maximum value of φ0. Consider
  . 
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Ø  The other bound of motion can be found by 

Ø  The limiting boundary (separatrix) is defined by 

Ø  The maximum energy of the “bucket” can be  
found by setting φ=φs 
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Ø  The bucket area can be found by integrating over the area inside the 
separatrix (which I won’t do) 
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16β
ωrf
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2πh η
f φs( );    f φs( ) =



Ø  We learned that for a simple FODO lattice 
so electron machines are always above transition. 

Ø  Proton machines are often designed to accelerate through transition. 
Ø  As we go through transition 

Ø  Recall 
 
 
 
 
 
 
 
so these both go to zero at transition. 

Ø  To keep motion stable 
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Ø  As the beam goes through transition, the stable phase must change 

Ø  Problems at transition (pretty thorough treatment in S&E 2.2.3) 
u Beam loss at high dispersion points 
u Emittance growth due to non-linear effects 
u  Increased sensitivity to instablities 
u Complicated RF manipulations near transition 

u  Much harder before digital electronics 
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Ø  As you’ll show in homework, the synchrotron tune (longitudinal 
oscillations/turn) is generally <<1. 

Ø  That means that if there are multiple RF cavities around the ring, the 
orbiting particle will see the vector sum of the cavities. 

Ø  We will clearly get the maximum energy gain if all phases are the same, so 
(assuming all voltages are the same) 
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Ø  As we’ll see, there are times when we want to change the amplitude of the 
RF quickly. 

Ø  Because cavities represent stored energy, changing their amplitude quickly 
can be difficult.  

Ø  Much quicker to change phase 

Ø  Standard technique is to divide RF cavities into two groups and adjust the 
relative phase. In the simplest case, we put half the RF cavities into group 
“A” and half into group “B”.  We can adjust the phases of these cavities 
relative to our nominal synchronous phase as 

Ø  So 
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Ø  We initially capture the beam by raising the RF voltage 
“adiabatically” (over many synchrotron oscillations).  This insures 
that the longitudinal phase space stays matched to the RF bucket 

 

Ø  If instead we simply turn the RF on, the beam will “filament”. 

Ø  (simulations: IOTA ring, protons, K=2.5 MeV, τ=1.77 µsec, h=4, Vmax=1kV) 
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Ø  We can adiabatically capture beam by increasing the RF voltage with no 
accelerating phase 

Ø  As we accelerate beam, Δt decreases. Recall 

 

Ø  So as beam accelerates, bunches get narrower 
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Ø  In general, the accelerating gradient of an RF structure is 

Ø  So when bunches get short enough, it’s advantageous to transfer to a 
higher frequency.  For example, in the Fermilab Linac 
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Ø  When we transfer beam from one machine to another, 
or from a lower frequency section to a higher frequency 
section, it’s important to correctly match the phases! 
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Ø  If we slowly change the RF voltage (or effective voltage by 
phasing), we can adiabatically change the bunch shape 

Ø  If we suddenly change the voltage, then the bunch will be 
mismatched and will rotate in longitudinal phase space 
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Ø  Of course, non-adiabatically increasing the RF voltage 
(“snapping”) will cause the beam to filament, but the 
effect is minor over ¼ of a synchrotron oscillation 

USPAS, Ft. Collins, CO June 13-24, 2016 E. Prebys - Accelerator Fundamentals, Longitudinal Motion 24 



Ø  The basic resonant structure is the “pillbox” 

USPAS, Ft. Collins, CO June 13-24, 2016 E. Prebys - Accelerator Fundamentals, Longitudinal Motion 25 

φ̂),(

ˆ),(

trBB

ztrEE

=

=
!

!

( )

t
B

r
E

t
BE

t
E

c
rB

rrt
E

c
B

z

z

∂

∂
=

∂

∂
⇒

∂

∂
−=×∇

∂

∂
=

∂

∂
⇒

∂

∂
=×∇

θ

θ

!
!!

!
!!

22

111

In cylindrical coords, Maxwell’s Equations 
Become: 

Differentiating the first by δt and the second by δr: 

( )

2

2

22

2

2

2

2

2

2

11

111

t
E

cr
E

rr
E
tr
B

r
E

t
E

ct
B

rtr
BrB

rrt

zzz

z

z

∂

∂
=

∂

∂
+

∂

∂
⇒

∂∂

∂
=

∂

∂

∂

∂
=

∂

∂
+

∂∂

∂
=⎟

⎠

⎞
⎜
⎝

⎛
∂

∂

∂

∂

θ

θθ
θ

Boundary Conditions: 

0|| == ⊥BE



Ø  General solution of the form 

Ø  Which gives us the equation 
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Ø  In the lowest pillbox mode, the field is uniform along the length (vp=∞), so 
it will be changing with time as the particle is transiting, thus a very long 
pillbox would have no net acceleration at all. We calculate a “transit 
factor” 

USPAS, Ft. Collins, CO June 13-24, 2016 E. Prebys - Accelerator Fundamentals, Longitudinal Motion 27 

u
u

v
fL
v
fL

LeE
v
fLeE

f
v

LeE

dz
v
zfeE

LeE
T

L

L sin
sinsin2cos

gainenergy 

0

0

0

2/

2/
0

0

≡

⎟
⎠

⎞
⎜
⎝

⎛

⎟
⎠

⎞
⎜
⎝

⎛

=
⎟
⎠

⎞
⎜
⎝

⎛

=
⎟
⎠

⎞
⎜
⎝

⎛

=≡
∫

−

π

ππ
π

π

Assume peak in middle 

Example: 
• 5 MeV Protons (v~.1c) 
• f=200MHz 
• T=85%èu~1 

cm 9.4

cm 57 
2

405.2

==

==

f
vuL

f
cR

π

π

Sounds kind of short, but is that an issue? 



Ø  Energy stored in cavity 

Ø  Power loss: 
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Ø  The figure of merit for cavities is the Q, where 

Ø  So Q not very good for short, fat cavities! 
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Ø  Put conducting tubes in a larger pillbox, such that inside the tubes E=0 
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Gap spacing changes as 
velocity increases 

Drift tubes contain quadrupoles 
to keep beam focused  

Fermilab low energy linac 
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Ø  If we think of a cavity as resistor in an electric circuit, 
then 

Ø  By analogy, we define the “shunt impedance” for a 
cavity as  
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Ø  π cavities 

Ø  These are phased so the particles always see 
acceleration.   

Ø  Not practical when particle velocity is changing 
quickly 
u For higher energy particles, p cavities are “beta-matched” by 

section. 
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Ø  Half-Wave Resonators and Spoke Resonators are 
optimized for low-β acceleration. 
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Half-wave Resonator 

Figure 2:  A 350 MHz β=0.175 single-spoke cavity from 
LANL (left) and a 352 MHz β=0.15 single-spoke cavity 
from IPN-Orsay (right). 

 
Figure 1:   A SC 345 MHz β=0.63 3-spoke cavity built and 
tested for the Rare Isotope Accelerator driver linac. 

SUPERCONDUCTING SPOKE CAVITIES 
Michael Kelly, Argonne National Laboratory, Argonne, IL 60439, U.S.A*

Abstract 
 Superconducting (SC) TEM-class spoke cavities have 

been an area of active research during the past decade 
with application to cw and pulsed ion linacs required for 
proposed facilities world-wide. Single- and multi-spoke 
geometries have been developed for use with ions over 
the full mass range and for ion velocities 0.15 < v/c < 0.8. 
Spoke cavities have generally been designed for 4 K 
operation, however, recent spoke-cavity results in 2 K 
operation, which rely on new and evolving cavity 
processing techniques such as clean assembly and 
hydrogen degassing, show very low rf losses even for 
high accelerating fields (corresponding to EPEAK~30 
MV/m) required in operations. Results indicate that 
higher voltage gains per cavity with reduced heat loads 
are possible at T=2 K.  An overview of recent spoke 
cavity activities at several laboratories is presented. 

INTRODUCTION 
An obvious advantage of superconducting (SC) rf 

cavities compared to traditional room temperature 
structures is the very low rf losses, typically of the order 
of 10 Watts per active meter of accelerating structure. For 
continuous (cw) cavity operation and relatively light beam 
loading the total required electrical power, even 
considering cryogenic refrigeration, is of the order 100 
times less for SC than for room temperature structures.  

Even in pulsed operation or in applications with heavy 
beam loading superconducting structures may offer 
critical advantages. The relatively large bore diameter, 
typically 4-7 cm, yields a large transverse acceptance 
while the possibility of low operating frequency, ~350 
MHz for spoke geometries, results in a large longitudinal 
acceptance. A large acceptance is desirable for high 
power hadron linacs where beam losses must be typically 
≤ 1 Watt/meter. In addition, SC cavities are short (~1 m) 
and independently operated so that the linac array may be 
retuned if one or more cavities become inoperable. This 
high degree of fault tolerance is critical for applications 
requiring extreme reliability such as for the accelerator 
driven transmutation of nuclear waste (ADS). Finally, SC 
linacs offer the flexibility of operations such as multi-
charge state and multi-ion acceleration which is simply 
not possible with any other available technology. 
 

CAVITIES 
SC ion linacs for relatively low energies ~10 MeV/u 

(v/c~0.1) and SC electron linacs for high energies up to 
several GeV (v/c~1.0) have operated for decades, 
however, only in the past fifteen years have applications 
requiring intermediate velocity cavities received detailed 
study. Applications include both cw and pulsed hadron 

linacs required, for example, for the production of rare 
isotopes, the production of intense spallated neutrons for 
nuclear waste transmutation (Accelerator Driven Systems 
or ADS) and pulsed proton drivers for fundamental 
physics studies.  

The two SC hadron linac technologies developed for 
these applications are the spoke-loaded and the elliptical-
cell cavities [1]. Spoke cavities tested to date are designed 
for particle velocities 0.15<β<0.75 while demonstrated 
elliptical-cell cavities are for 0.5<β<1.0. Spoke cavities 
operate in the fundamental TEM-mode, have a typical 
transverse dimension of λ/2=c/f or about 0.5 m at a 
frequency of ~350 MHz. Elliptical cavities operate in a 
TM010π mode, have a typical transverse dimension of λ, 
which also turns out to be ~0.5m but at a higher frequency 
of 700-800 MHz. An example of a 1m long three-spoke 
loaded cavity developed for the Rare Isotope Accelerator 
[2] driver linac is shown in Figure 1. An array of 32 SC 
elliptical cell cavities also for β=0.6 along with another 50 
elliptical cavities for β=0.8 are in operation at the 
Spallation Neutron Source [3]. 

Proceedings of HB2006, Tsukuba, Japan THAY07

F. FFAG and other advanced acclerators and technologies 337

(Triple) Spoke Resonator 



Ø  PIP-II is the linac which is proposed to replace the 
existing Fermilab Linac 
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to avoid adiabatic bunching, which would be problematic because of the long bunching time2. To 
reduce beam loss during Booster injection the linac bunches arriving at the RF bucket boundaries 
are removed by a bunch-by-bunch chopper located in the Medium Energy Beam Transport 
(MEBT) of the linac. The same chopper creates a three bunch long extraction gap. Slip-stacking in 
the Recycler and acceleration in the MI will be done in a manner similar to that presently used for 
NOvA [13]. 

 
Figure 1.1: Site layout of PIP- II. New construction includes the linac enclosure, transfer line 
enclosure, linac gallery, center service building, utility corridor, and cryo building. Grey dashed 
areas represent existing underground enclosures.  

                                                 
2 The long bunching time is related to the smaller value of the slip-factor at the higher injection energy. The higher 

Booster repetition rate additionally magnifies this problem. 

10 
 

2. Accelerator Facility Design 
It is envisioned that the PIP-II construction project will include only the superconducting linac 

(SC Linac) and the transfer line connecting the linac and the Booster. However, the upgrades to the 
Booster, Main injector and Recycler are an integral part of the plan and therefore are described 
below in the same detail as the linac. 

2.1. 800 MeV Linac  

2.1.1. Technical Requirements 
The linac includes the following major elements:  

x Ion source,  
x Low Energy Beam Transport (LEBT), 
x RFQ,  
x Medium Energy Beam Transport (MEBT), including the chopper and bunching cavities, 
x One accelerating section composed of 162.5 MHz Half-Wave Resonators (HWR), 
x two accelerating sections composed of 325 MHz Single-Spoke Resonators (SSR1 and 

SSR2),  
x Two accelerating sections of 650 MHz elliptical cavities, one at low beta (0.647) and 

one at high beta (0.971) (LB650 and HB650). 
Figure 2.1 shows the structure of the linac. A room temperature (RT) section accelerates the 

beam to 2.1 MeV and creates the desired bunch structure for injection into the SC Linac. The RFQ 
and the first SC section (HWR) operate in the CW mode. To reduce the required cryogenic power 
the other accelerating structures operate in the pulsed mode. However they are designed and built 
to be CW compatible in order to accommodate future upgrades. Operation with a peak current of 
up to 10 mA is supported by the ion source, LEBT and RFQ. The bunch-by-bunch chopper located 
in the MEBT removes undesired bunches leaving the beam current at up to 2 mA (averaged over a 
few Ps) for further acceleration. There is also a “slow” chopper in the LEBT with rise and fall 
times of about 100 ns. It allows forming a macro-structure in the beam timing required for machine 
commissioning and allows one to avoid unnecessary beam loading in normal operations. Together 
the LEBT and MEBT choppers form the desired bunch structure.  

 
Figure 2.1: The linac technology map. 

The energy stored in the SC cavities is quite large. Consequently, the accelerating voltage 
fluctuations due to beam loading are below 10-3 if the bunch structure is repetitive with period 
below about 3 Ps.  The SC Linac accelerates to 800 MeV up to 2 mA of beam current with peak 

Low Energy Beam Transport 

RF Quadrupole (accelerate and bunch) 

Medium Energy Beam Transport (MEBT) 

Half Wave Resonators 

Spoke Resonators 

π cavities 



Ø  RF Cavities in rings typically do not have to have high accelerating 
gradients, but they may have other challenges, particularly at low 
energy. 

Ø  Example: Fermilab Booster cavities must change resonant 
frequency from 37 to 53 MHz, as the beam goes from 400 MeV to 8 
GeV 
u  Biased ferrite “tuners” use magnetic fields to load ferrite into its saturation 

region and thereby change its inducance. 
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Ø  For frequencies above ~300 MHz, the most common 
power source is the “klystron”, which is actually a little 
accelerator itself 

Ø  Electrons are bunched and accelerated, then their 
kinetic energy is extracted as microwave power. 
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Ø  For lower frequencies (<300 MHz), the only sources significant 
power are triode tubes, which haven’t changed much in decades. 
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