Lattice Impertections and
Orf-momentum Particles




JC
2 Lattice Imperfections

» Up until now, we have considered an ideal lattice, but
real magnets aren’t perfect.

> We will consider two types of lattice imperfections:
Dipole errors
Quadrupole errors

» We will also discuss how to locally correct the position
of the beam.
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2€ Closed Orbit Distortion (“cusp®)

> We place a dipole at one point in a ring which bends
the beam by an amount O.

» The new equilibrium orbit will be defined by a trajectory
which goes once around the ring, through the dipole, and
then returns to its exact initial conditions. That is

(e (o)) = 0l (o)
=) ()

> Recall that we can express the transfer matrix for a complete revolution as

cos2xzv + a(s)sin 2rv P(s)sin 2zv

M(S+C,S)=( )=Icos2m/+Jsin2m/=e”’W

—y(s)sin 2zv cos2av —a(s)sin 2xv
(1-M)=¢" (e‘J”V —e™ )= —e"™ (2sin )
(I - M)‘1 = (— 2sin vl )_1 (eJ’W )_1

1 1

= Je’'™ =——J(Icosav - Isinav)
2sinv 2sinzv = a p
1 . -
=— (J cosav +Isinzv) -y -«
2sinmv 5
1 QL COSTV + Sin TV S cosav J7=-1
 2sinav — ¥ COSTTV — Q COSTV +sin TV J'=-J

E. Prebys - Accelerator Fundamentals, Imperfections and Off-Momentum USPAS, Ft. Collins, CO June 13-24, 2016 3



| . Plug this back in (xo) 1 (acosm/+sinm/ S cosv )(0)

Xy | 2sinmv — ¥ COSTTV —acosav +sinav | 6

2singzv | smav — o, coS TV

Zj ( [, cosv )

> We now propagate this around the ring

( . ] 0 ﬁl;s)(coswmosinw) JB,B(s)sin Ay ( 5 cosmy J
XS 0 0

/7 = 2 . . _

*(s) S m((% —a(s))cos Ay — (14 at,ex(s))sin Al//) % (cos Ay —a(s)sinAy) SRV = (o COSTV

_ 0y B,B(s)

Location
_ 6. B,B(s) of error
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JC
2 Quadrupole Errors

> We can express the matrix for a complete revolution at a point as
M(s) cos2tv + a(s)sin 2v S(s)sin 2zv
S) =
— y(s)sin 2zv cos2tv — a(s)sin 2v

» If we add focusing quad at this point, we have
cos2mv, + a(s)sin2mv, B(s)sin 27v, )( 11 O]

—y(s)sin 27v, cos 2wV —a(s)sin 27, Iz 1

Mi(s) = (

p(s)

cos2zv, + a(s)sin2xv, -

sin2zv, B(s)sm2mv,

—y(s)sin2mv, — L (cos 2nv, —a(s)sin2av, ) cos2av, —a(s)sin2xav,

> We calculate the trace to find the new tune
COS2mTV = lTr(M’) =Ccos2mv, - %ﬁ(s)sin 27V,
> For small errors J

: 1 :
COS 271(1/0 + Av) ~ OS2V, — 27 Sin 2av,Av = cos2xv, — 2—/5(5) sin 27v,
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2L Total Tune Shift

» The focal length associated with a local anomalous gradient is

1 !
d() = ia’s
) (Bp)
> So the total tune shift is

B’ (S)

f/o’(s) e
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2£ Local Correction

» Recall our generic transfer matrix

. %(COSAI//+OCO sinAy) BB, sinAy .

1| 0 0

[ u ]_ 1 (((x -0 )cosAl//—(1+oc o )sinAl//) &(cosAw—(x sinAly) ( %
/ﬁoﬁ] 0 1 0™*1 Bl 1

» If we use a dipole to introduce a small bend © at one point, it will in
general propagate as

B(s)

[ XAy) ] B (cosAl//+aosinAt//) /ﬁoﬂ(s)sinm//
’ A =
x'(Ay) m _)((060—Oé(s))cosAl//—(1+a006(s))sinA1//) ﬂﬁ(‘;) (cos Ay —a(s)sinAy)

[@y)=0yBB)sindy | <
x'(Al//)=9\/ ﬁO

Remember this one forever

B(s) (cos Ay —a(s)sin Al//)
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2 “Three Bump”

» Consider a particle going down a beam line. By using a combination of
three magnets, we can localize the beam motion to one area of the line

0,
Yo - & Y,
o a,, p, IR o,
© °
al’/))l Y3 =Y, +YP, a3,ﬁ3
> We require
Local Bumps are an
X, =0, siny,, +0,./,B; siny,, =0
= OB, st 2Py sints extremely powerful
—, =g, | tool in beam tuning!!
B, siny,,

0, =—(6 /g L(cosy,; —aysiny,)+0, fﬁ (cosyp,, —a sintpm)'(——‘ ?i??tcf\}vgul;ce?:j%le from
b, b, siny; [B, -
__0 — -
( ’/3 (cosyp,; —a;siny,;) //52 o //53 (cosypy, —a 31nw23))

—-6, B (COS% SN, COST/JB) _QJE(SIHW23 COSY)5 —COSY, Sm%) ) ﬁ(sm(%-%))
B ' ps i

3 SINY,, siny,, B SINY,,
. 0.-0 By (siny,
P B; \ siny,,
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JC
2 Controls Example

From Fermilab “Acnet” control system

The B:xxxx labels indicate
individual trim magnet power !
supplies in the Fermilab o
Booster

:VLEeT
Defining a “MULT: N” will Lt
group the N following

tVLST
tVLET
magnet power supplies

VL7T
MULT
-B:VL5T
-B:VL6T
-B:VL7T
MUL |
-B:VL5T
-B:VL6T
-B:VL7T
MULT
-B:VL5T
-B:VL6T
-B:VL7T
MULT
-B:VLS5T
-B:VL6T
-B:VL7T

Placing the mouse over
them and turning a knob

on the control panel

will increment the

individual currents according
to the ratios shown in green

:6
[51%2.45
[51=#1 6
[51%2.47
#2 .4 VLS
®#1 VL6
#2 4 VL7
:3
[11%2.4
[11=1
[11%2.4
¢
[2]1=2.
[2]1=%#1
[2]1=2.
:3
[31=2.
[31=%#1
[31=2.
:3
[4]1=2.
[4]1=1
[4]1=2.
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af Off-Momentum Particles

» Our previous discussion implicitly assumed that all particles were at

the same momentum
Each quad has a constant focal length

There is a single nominal trajectory
» In practice, this is never true. Particles will have a distribution
about the nominal momentum
» We will characterize the behavior of off-momentum particles in the

following ways
“Dispersion” (D): the dependence of position on deviations from the nominal

momentum A

Ax(s) = D, ()
P

D has units of length "

“Chromaticity” (n) : the change in the tune caused by the different focal lengths
for off-momentum particles

A ] Av A
Av, =&, 2L [ sometimes ——* = s o
pO Ux pO
Path length changes (momentum compaction)
AL A
AL _ Ap
L p
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2 Equations of Motion (redoing the steps we skipped)

o

» General equation of motion

*=evxé=§=%m=mﬁ
. 2 9 8

:§=eva= © L =i(—vsByfc+vsij/+(vay—vyBx)§)
me Mg o oo ™

» For the moment, we will consider motion in the horizontal (x) plane, with a
reference trajectory established by the dipole fields.

. y r=p+X
X . Particle trajectory 9@\ -
\ < N Reference trajectory
S N
\\\\
A S A
x=0s

» Solving in this coordinate system, we have §=-0x
R =ri+yp
R =7k+1i+3p R

T+ ffc)+ (#9§ + 768 + r9§)+ W =%+ 2F + rl5 —r0*% + P
f—r92)9?+(21>9+r«§)§+j})7
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3¢ Equations of Motion (cont’d)

» Equating the x terms
g BT AR easured along.
r—=r == - \ actual trajectory
ev'B ev.B ds 0
— Y = :
= - = — S =—= —VS
ymy, P | dt r
2
__¥5
(Bp)
» Re-express in terms of path length s. Use
2
d dsd _ d d’ d’ Y
S IO —_— = — = VS E —2, 6 ==
dt  dt ds rds dt r | ds r
» Rewrite equatlon
() 2 -t
v, = —r|=| =
ds’ r ( )
II v r r
= r >
(rearrange terms) ( p p
2
X p+x B, ( x)
= —| + ; = I+—
(use r=p+x) ( p) p2 (Bp) P
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JC
2 Treating off-momentum Particle Motion

To treat off-momentum particles, we start with our original these original equations

of motion.
p+x. B, X

The rigidity shown is for the nominal momentum, but | can correct the equation for
the true momentum by substituting the “true” rigidity

1 1 p, 1 p, 1 Ap
— = —_—= = 1_
( )true ( p) (Bp)tme (Bp) p (Bp) (pO +Ap) (Bp)( pO )

If we substitute that into the equation, and keep only the lowest order terms, we

have x"=-(§;)(1— ip)(l ;)2 prx (. B Bo oy, (gy))a

o (Bp) p,

2
]
y'=—|1- I+=| =(...)m—=96
(Bp)( P\ P () (Bp)
If we then also keep only the lowest order terms in the fields, we have
. |
B, =B,+B'x=By; B =B'y=0

If we take only the first order terms in the rest of the equation, as we did before,
the only change is that extra term on the RHS.

1 1
x"+ + B'
(f* (Bp)

X = 5, 5=l(3; y—LB'y 0

(Bp) p (Bp)
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» This is a second order differential inhomogeneous differential equation, so

the solution is X(S) _ XOC(S) n X(’)S(S) n &Z(S)
x'(s) = x,C'(s) + x,8'(s) + &d'(s)

Where d(s) is the solution particular solution of the differential equation

a’”+Ka’=l

0

» We solve this piecewise, for K constant and find

K>0: d(S)=IOLK(1—COS\/ES)

d'(S)—prsmrs
K <0: d(s)=—pLK(1—cosh\/Es)
d'(s)—prsmhrs
» Recall | |
x”+(2+B;)x:>K=(2+B;)
Y Y
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3¢ Matrix Representation

> | have the solution
x(s5) = x,C(5) + x,S(s) + & (s)
x'(s) =x,C'(s)+x,8'(s)|+ &' (s)

A

Solution to the on-
momentum case

Off-momentum
correction

> We can express this in matrix form as

Usual transfer matrix

v

/ x(s) I my,  my, | d(s) \( o \
x'(s) |=||m, m,| d'(s) X',
S I UL Y S
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2E Example: FODO Cell

» We look at our symmetric FODO cell, but assume that the drifts are bend

magnets
\e/ 3\
2f 2f
: ) §<< P
For a thin lens d~d’~0. For a pure bend magnet /

1 1 1 17 1
K=—": d(s):—(l—cos\/fs) :p(l—cosi) ~—§ >——=—0L
P PK P 2p 2p 2
1 S S

d’'(s)= sinv/K s =sin— ~——0
pVK p p

Leading to the transfer Matrix

11 0 0 1 L %6 1 0 0 1 L %6 11 0 0 1- L22 2L(1 l}) 2L9(1+£)
=l-—— 10101 6 || =10]|]01 6 |-— 10| [ p I’ L I

2 2 = - _E_

of A I g R AU of . YAy 29(1 Y- sz)

0 0 1
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JC
2f Solving for Equilibrium Orbit

> We hypothesize that we will have a new equilibrium
reference orbit for off-momentum particles, defined as
a function of position by

x(s,0)=D_(s)0

“Dispersion”

> We expect this to have the periodicity of the lattice, so
in general

/ oD \ /cosu+asinu psinu d \( oD, \
oD' |= —ysin u cosu—-asinu d' oD',
1
S U 0 Noo

\ Can set & to 1
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T
2& Solving for Dispersion
» Going back to our original FODO cell (with bends)

\e/ V[ \o/ |
Ve

2f 2f

> We must solve

2
1- L2 2L(1+£) 2L0(1+i)
D 2f 2f 4f D
D" |= L I 5 L I D
1 ~S a7 3 A 2 20|1- - 2 1
217 4f 2f 47 8f
0 0 1
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2t Solving for Lattice Functions

> We have already solved for the basic lattice functions

) L
smﬁ =—
2 2f
2L(1iSinM)
2
ﬁF,D = )
sin

> You’ll solve in the homework

HL(li;sing)
DF,D =

sin? %

> It will really simplify things if you invoke symmetry to show that

/
Upp = DF,D =0
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A
2f Evolution of Dispersion Functions

» Since the dispersion functions represent displacements,
they will evolve like the position

/ D _(s) \ m, m, d(s) \ D_(0) \
D' (s) m, m,, d'(s) D' (0)

\1/\001/\1/

» Putting it all together

“or

10XDispersion(m)

2 43 (m) 6 g 10
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A
2 Momentum Compaction and Slip Factor

> In general, particles with a high momentum will travel a longer path
length. We have D
l+Alzl(1+—5)

C(p,) =fd5 p

DApd [
P Dy

Clpy +4p) - f(1+

e Lo o) X

“momentum C de Ir=
compaction”
£ 0(5 AT AC Av
» The slip factor is defined as the fractional r ¢ v
change in the orbital period g 1
» Note that p rp
: : : 1 1)\Ap
y <y;: m<0 higher energy particles take /ess time to go around =l—5-—|—
y >y, 1n1>0 higherenergy particles take more time to go around r )P
y=y,: n=0 "transition" = nA_p
p

AC AB
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A
2& Transition y
» In homework, you showed that for a simple FODO CELL

(liising)
= 6L

sin2 ®

(1 + sing)
/))max min 2L . 9 a’nd Dmax min
’ sin U ’

> If we assume they vary ~linearly between maxima, ther% for small p

2Ly 40l L ()
(B) u’<D> YT,

> |t follows

1 .D 1 1
e P
1
Y, =——=V

» This approximation generally works better than it should
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# o o]
a2 Chromaticity

= = _

1_ Bl _ Blp,_1( &
/ (Bo) (Bp) p fo( )
1

» In general, momentum changes will lead to Po
a tune shift by changing the effective focal __ 1A
lengths of the magnets /o fopo

» As we are passing trough a magnet, we can Ay - _LE/,{LA_P _ghp
find the focal length as 44 fi P Po

1 4 B
— = (—d
5 o)

» But remember that our general equation of motion is

x”+(/§2 + Zgg;)x=05x"+l<(s)x

» Clearly, a change in momentum will have the same effect on the entire
focusing term, so we can write in general

E=— fAOK()ds

» This can be expressed in terms of lattice functions (after a lot of messy

lgeb
algebra) as E= _if(y(s)+0!’(s))ds
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JC
2 Chromaticity and Sextupoles

» If we put a sextupole in a dispersive region
then off momentum particles will see a

» we can write the field of a sextupole magnet as

1
B(x) = > B"x’ (often expressed b,x” )

E. Prebys - Accelerator Fundamentals, Imperfections and Off-Momentum

gradient B'(x=D&)~ ' p AP
Po @ \/
which is effectively like a position A X
dependent quadrupole, with a focal Nominal momentum <> A
: _ \p
length given by (x)=D, =
1 B” A P
=— _p=L
feﬁ (BP) Po
~ S0 we write down the tune-shift as
Ay = 1 1 _ 1 BB LDApzpr
dn” f, 4m (BP) Po Po
B L ﬂB”
=& = pp (Bp) LD

» Note, this is only valid when the motion due to momentum is large
compared to the particle spread (homework problem)
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