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Action angle va:iables

Consgidenr o cononical frangformation of the form:
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if i:' 9 Possie-B(’.e to perform cononical fransfoamation to
action-onglte variables (41,9, ,P,° Y > (o, 1,85 %), th
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in %enezoa,, €E20m torus to tous, one will have difeerent value of
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where T = Z“(Z)-‘* 3;) , which means the motion is peziodic.
¢ incommensurate frequencies, i.e. /W, é Q. e l=R/Q:
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Poincaze magl

Consides a Hamiltonian

system with 2 deqrees of fieedom.

The motion is constrained on the 3-O wyper surface in -

phase space:
H(3,p)=E
#,
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pz (q":qz H P') = Pi (q'"q'z: PUE)
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Then we cawn fix a surfase B, and siudy intezsection of it

and phose sgpace taojectory:

P?.(qugq': Qpl)lzz CL&:COV\?:T

4, (t7+6t) -1, (t]) > O

which qives us o wop
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A= B aP(A)> C=P(8)=PoP(A)

T
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quasi - ee2.




Anhatmonicity

Consider a non-Llineax oscillator with a Hamiltonian:
_ P W 1, >xqb, B gY
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Sextu poles

Equations of motion:
x” + Ku(s)x"'% m(s) (x'-2%)
2"+ Ky(s)2 = m(s)x2 By

Uhpez+u15ed motion ‘},(5) = yJaap co s (¢(S)+ 9’0) , wheze:

?.jbp"-p'2+ Qp’K(s)=‘l 3 | §’+Cds
e = |22 I
oY pes)

Floquet taonsfoam:

q(s) =Vasp cos W(s) = 8= 9 /Vvp' = 4acos Y(s)

PR
_ et [dS % d?g e
Be=E *(a*) = gy tU8=0
Therefore
2
X7+ K (S)X = § (x,5) > _3’?+ D'y = 0 p% §(x,9)
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time dependence

%Y+ 0lx = q(t) . where one can perform Fouziex expansion of RHS.:
’ pa
[ <]
Qt) = -9{- + T 0q cos nQt

Qn

. cos nat Coo = t NO - esonance
wo‘“zn‘

A Xn(‘\:) =

Homi Ltonian formaliom

Ho e “l

Unpeatuzbed motion(asimutheally symmet2ic Lottice)
q = Vidp cos (V8)

Pp= '\f%-' sin (V6)

3e & Yoan= 23 (3 3)5in0F) =D

o
— \-\o = —
pes)
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Cononical Pexturbation theory

A0

H(Y, @) = Ho () * € H, (%, e, 0)

Unpextuzbed motion %= const, p=O+x, 0= OHy /0%

We wiltl loox fo2 (%,cg)#(-i,?p}:
H(3,8)=Fo(3)+ €W (B)+ €71, (3.9,6)

with help of F,(w,3,8):

5 = OF, Jog
G= of 1% where Fy = Fio* € Fyt €°F, ¢ ..,
| W——
W= ue 2F, /00 t2ivial  Fo sl
R o\ B 0 Fa 2 OFa Y
B(3,¢)= Sregat € gt ’i+b‘3
@ (8,%)= F-elfn - r 2. - prag

LR 2
Thus weeping only fizst team of smallness:

. “0(5)= Ho(g“’b's»: Ho(g)‘* ASQ&N...

o3
whene Yhe use of c, = QHo12% qives
T - F
Mo (3,3)% He(3)s €wo 32 +..

e en, (y,cp,8)= eH (5,p,0)+...

o0 _ o )
H(D,%,0)s W (R) +e[H.(s,co,93+(‘«Joa-;P*a%)fz.]*...

—— \ /

.‘-“.o Hl

T‘ﬂen we cawn t:ead -ﬁ‘ as .ﬁa = (ﬁ|$* {ﬁtk
G
{ime independent teim:

iv=L QW (5 %,9)dpde
oF . (%) Ey =t §H (5,049
> wo&;—" + —55-3‘1=— {H‘(‘s,cv,&\} Qives

W (3Y) = Ho(B)+ € KH(3,%,0)>




= o
and w,(3)=~a-§ <H>,
New phase space twuajectolies axe qiven by
Q o Fu
¢ &8,
8 (8, @)= LS T

Periodicity aives
< Tt (3,8)e'™7 and  fnY=D h, (3,0)e™?

™z 00 ™z -0

sub atitution 0f these egqns. into (%) qives amplrtucles of hamonics:

e+21
o/ I ____o____ /\ ‘ma(e-e-m), |,
[LMCJQ aQ]fm hw\ ~ 'f ZSW\(W y } b (3 ) de

One can choose another way:

Fu s B Sen (31X EHA R, (3)e )
™, 0z~ oD M W0
- bm,n(i) i(ma-ﬂﬁ)

AF,_,~LMGM————-——-QO_n e

Example:

H’Ho*‘ e"‘|'(apg K,(S\X)-t-z‘;k,(syx (E‘A\(,(S))

W= de , N, oKy (8) BlsY [+ cos2e,]
By () 2 Jx b Ky p *

new Howmiltowian can be ocbtained usivg averuging:

= 5
e
S
= (Y= | OH . ._éé_ il
B () Sas ds = § =5 2 § o Ka(9)pa(s)ds

= 2y == [ ek (a)pulsras

Only owne Harmonic Yexm €H,=h,cos29®= —é- 5, aky(s)p,(s)cosacp

‘S‘ 8+ C ‘ _ 4 ,

Fa(9) s = ——— g Ky (S') () oin 2 [y - v, (') - Wy(s) -0y \ds
‘ Usin (2T o P

Fu (B¢, y,9)

<Py

W'\*»\ 5-1 %= ch

3 (<P;,~’=3 = .Sx .



Substiturtion of £, aives

— l
.3‘ (s)= %« {‘-l‘ﬁn(woﬁ S }

N, e8) [ - - o Px
N, 28imGW) P

Resonance pexturbation theory

L Dent®) ((m&-ne)
Foozt P e
\ ™, N MQ,""\

$02 2 dimewnsions demominator Becomes ™MDy + Mad, =N

“=\‘\°"5 €T‘.+€ {;’i,}
Sor D= nim  Amp COS(Mme-ne) = const
> Hxdh+a(d) 5(n) cos(mey-n®)

() Ama®®)

Then using (N @Y= (1,®) : Fz(l,‘?)’-(Q'?;;o)-I

{’3’3F=Ia<o=1 A Frue 2L 2T 6Ty < (Te S(T) cosm

b= 3";131 = CF‘%Q
where & =0-nim
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O Sextupole 2esonance

H.=’;'m(s)xg’ 2> wusing ¥=V2)p cosc and cos3cp=-:?(cos‘scp+scoscp)

1 ! 2
W, = o e P“ (s)mis) (cos 3@ +3 cosq:)

e Resonances: D=nlI> & D=n

o Avezaging of <HiPg =0 Qives nv=0

ResoOnance 3D=nN

with 2egpect to 6= S[IR and keeping

Let us 4o expand H,
= 2'“2.

only resonance tewm An
We0-44 3, cos (3@-n6)

H=5T+1”"A, cos 3¢
where &= D-nl3 ancd &lAR>O

3n

Separatrix ©Ff moiion gives 3 unstable eq,uiea'ﬁ'zfum pPoiInts:

i
I8 =3sin36=0 3=+ 3 ha']l cos3d=0

I'“ = - 28] 3Anc053¢ > (R, w,sm I3}
1Y 2 28138, ~ dunamical apertuze

A-‘.:-\/TPI—"-?S“/;-F‘!%AYO

Resonance V=N

Ony one Hype280lic point ¢:0 (0=7)




Y . Nonlinear Resonance Problem

Using the resonance perturbation theory discussed ‘in the class, describe the
behavior around the resonance 3v = n for the lattice with sextupole and qubic
nonlinearity:

H =61 + opl® + ApnI3/? cos 3¢.

Consider cases ag > 0 and ap < 0. What you can say about the behavior when
detuning from resonance § = 0. '
(For simplisity assume that 6 > 0 and An > 0).




